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1 Review from Last Lecture

1.1 An Outline So Far

We started off this class by considering the classical statistical model
Yi = i + €

where y; is typically some function of some covariates (i.e., u; = ! 3) and ¢; ES (0,02). We
decided that this was unsatisfactory for spatial and temporal data because there may be correlation
between the errors across times or locations.

We allowed for spatial dependence by introducing an autoregressive term:

n
vi — i = ¢ Y wij(y; — 1) + €.
=1

Estimation is still simple: we alternate between estimating p and estimating ¢. For time series,
least-squares can be used to estimate ¢, but in general, we need to use maximum likelihood.

However, there is a weakness of this model: it assumes that the y; are observed without noise.
We can extend this to a more general state-space model:

n
State model: Yt — pt = ¢Zwij(yt—1 — 1) + €
j=1
Data model: zt = ays + O

1.2 Kalman Filter

The Kalman filter provided a way to do state estimation without inverting large matrices.

State model: Y — ot = P(Yyr—1 — pe—1) + €
Data model: 2t = ay; + 0

Let y;), denote the best predictor of y; given z1, ..., z5, i.e.,

def

Yi)s = E(ytlz1, ..y 25)
d,

V;f|5 éf Var(yt’zla "'728)

The Kalman filter iterates between



1. calculating (yt|t717 Vt|t71) from (yt71|t717 V;t71|t71)7 and
2. calculating (yy;, Vi) from (yejs—1, Vije—1)-

The first of these can be accomplished easily:

Yejt—1 = E(yelz1, - 20-1) = e + 0(E(ye—1]21, 0 26-1) — p—1)
= pt + A(Ye—1jt—1 — fe—1)
Vie—1 = Var(ye|z1, ..., 2-1) = ¢2Var(yt,1|zl, ey 2t—1) + o2
= ¢*V,_qp—1 + 07

The second task is a bit trickier. However, using the joint distribution

Yeft— Vije— aVi—
€)oo (22) (i 3.
“ ayt|t—1 aVijp—1 a"Vig—1+T
we can use the conditional distribution formulas to calculate

Yeje = Byl 21, 5 26) = Yge—1 + th|t71(a2V2|t71 +7%) Nz - ayyjt—1)
Vie = Var(ye|21, . 2) = Vior — @*Vi5,_ 1 (@®Vioy +7°) 7"

1.3 Kalman Smoother

The Kalman filter gives us a way to estimate the state y; using only the observations up to time
t, i.e., Yg¢ = E(ye|21, ..., 2). This is useful in real-time implementations, where we have to make
estimates of y1, s, ... in real time as data z1, 22, ... stream in.

However, if we already have all the data in front of us, we might want an estimator that makes
use of all of the data z1, ..., 2,. The MMSE estimator in this case is yy, = E(y¢|21, ..., 2,). Is there
a similar algorithm that lets us calculate yy,, recursively?

It turns out that there is! It is called the Kalman smoother. You will derive this on your
homework. The basic idea is to first derive E(y¢|yi+1, 21, ..., 2¢) and Var(y;|y¢+1, 21, ..., 2¢) using the

distribution of
Yt
<yt+1) | RLy wees Rty

E(yt‘zly ceny Zn) = E(E(yt‘yt+1, 21y enny Zn)|2’1, ceny Zn)
= BE(E(yt|yt+1, 21, -0y 28)| 21, -0y 20)

and then to calculate

and Var(y¢|z1, ..., z,) in a similar way.

2 Geostatistics / Kriging

The goal of geostatistics, or kriging, is to predict the value yo = y(so) of some process (e.g., mineral)
at a location s*, given the values at locations y; = y(s;), i = 1,...,n.

Typically, we will assume that y(s) is a Gaussian process, which is completely specified by a

mean function p(s) and covariance function (s, t) = Cov(y(s),y(t)).



As before, we will often assume pu(s) = x(s)7 3 (or some other functional form), and we will
assume that we have already de-meaned the process, i.e., y(s) — pu(s), so in what follows, we will
assume that y(s) is a zero-mean process, i.e., E(y(s)) = 0 for all s.

2.1 No measurement error

For predicting yo, it makes sense to find an estimator f(y) that minimizes the mean squared error
(MSE), i.e.,
MSE¢ (y0) = Elyo — f(y)]*.

Theorem 1. The choice of f that minimizes MSEf(yo) is
f(y) = Elyoly)-

Proof.

Elyo — f(¥)]* = Elyo — E(%oly) + E(voly) — f(y)]?

= Elyo — E(yoly)]* + E[E(woly) — f()]* + 2E[(yo — E(yoly)) (E(woly) — f(y))] -
0

In this form, we can clearly see that the MSE is minimized by setting f(y) = E(yo|y) so that the
second term is zero. O

Now, since <yy> is multivariate Gaussian, we can calculate the MMSE estimator E(yo|y) using
0

the usual multivariate normal formulas.

Theorem 2. The MMSE predictor for yg is
Yo = E(yoly) = Eyo,yzﬁy,

where Yy, denotes the n X n matriz obtained by evaluating the covariances at each of the y;, and

o,y 2] [E'(yoyl) E(yoyn)] denotes the covariance of yo with each of the y;.

()~ () (5, sm)
Yo 0 Yoy Dyowo

and using the conditional expectation formula for multivariate Gaussians. 0

Proof. This follows from

2.2 Alternative Derivation without Assuming Normality

In many applications, we are not willing to believe the normal assumption. However, the estimator
above is still the best linear unbiased predictor, i.e., it is the best estimator of the form f(y) =
S aiy; = oly that minimizes

n 2 n n n
E (yo - Z Oéi.%') = E(yp) — 2 Z aiE(yoyi) + Z Z i E(yiyj)
i=1 i=1

i=1 j=1

T
= Xyoyo — 2Vypya + ' Lyya



By differentiating with respect to «, setting equal to zero, and solving, we see that the optimal
weights are

AT -1

o = EZ/O,'yzyy'

Note that when we calculate §y = &y, we get exactly the same estimator as we did in the previous
subsection. This is the approach that is taken by Chapter 2 of the Sherman reference.

2.3 With measurement error

Now suppose we don’t observe y; directly, but only z; = v; + d;, where d; ~ N(0,72). Then the
MMSE estimator is E(yg|z). Since

()~ () (P, )
Yo 0 Zyo,y zJyoyo

the new MMSE (or BLUP, if we're not assuming normality) estimator is

Yo = E(yoly) = z:yo,y(zyy =+ 7'21)_1117



